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SYNOPSIS 


Thesis entitled, T Study of Some Short Distanoe 
Parameters in Currents Associated with Dions/ 
submitted by VI JAY MOHAN BAVAL in partial ful- 
filment of the requirements of the Ph.D. Degree 
to the Department of Physics, Indian Institute 
of Technology, Kanpur. 

May, 1975 

The present work contains some studies of (i) the 
pion production in electron positron collision processes 
and (ii) the light cone properties of some hadronic 
reactions involving pions. 

It is known that the infinities present in the 
field theory give rise to additional teims in the Yfetrd 
identities which do not appear in their fomal derivations. 
These anomalous terms can not be avoided for abnormal parity 
amplitudes and their details depend on the choloe of the 
model. Consequently there exist various possibilities for 
them requiring experimental probes for a decisive choice. 

The axial vector- vector- vector vertex function in general, 
possesses anomalies in both the vector and the axial vector 
Yferd identities. It is usually speculated that this vertex 
has only axial vector anomaly. Using the hard pion technique 
of Schnitzer and Weinberg we have studied, in seeond chapter, 
the effect of these anomalous terms on the neutral pion 
production in the process ee -* ee%° for spacelike masses 



ix 


of photons. Two cases are discussed (i) when vector anomaly 
is presented and (ii) when it is absent. The numerical 
results are depicted graphically. The experimental results, 
when they become available, can possibly identify the pre- 
sence of vector anomaly. 

The second chapter deals with the production of one 
and two hard pions in the electron positron annihilation 
processes. Bjorken-Johns on-low theorem and partial conser- 
vation of axial vector current have been used to relate these 
processes at high energy to the short distance structure of 
the product of two currents. Some useful high energy limits 
of the inclusive differential cross-seotions are obtained. 

The production of neutral pion and two equal charge pions is 
found to depend sensitively on the validity of BJL theorem. 

A possible method for independent measurement of the iso vector 
part of the ratio R is suggested. 

It is shown, in the fourth chapter, that the backward 
region of high energy elastic pion proton scattering is 
dominated by the singularity structure of the product of two 
pion source currents near light cone. The available experi- 
mental information is used to obtain information about the 
nature of the dominant operators in the light cone expansion. 
The plot of s 5 against centre of mass scattering angle 
is found to follow approximately the predicted soaling. 



The penult chapter deals with an attempt to connect 
the scaling properties of pion inclusive spectrum in 
inelastic pion nucleon collisions to the light oone singu- 
larities of the product of pion source currents. Assump- 
tions which are needed to obtain the simple forms of dis- 
tribution in the fragmentation and pionization regions, have 
been identified. Within light cone framework the flat 
rapidity spectrum in the central region could be considered 
as a consequence of the rapidity independence of the singula- 
rity function shown explicitly provided the matrix elements 
possess weak rapidity dependence. 

The final chapter is devoted to a few concluding 


remarks 



CHAPTER I 


INTRODUCTION 

Since the uncovering of vector and axial vector 
nature of weak interactions in the late fifties, the currents 
have come to play a prominent role in the description of the 
interactions of hadrons, the strongly interacting particles. 
Both the electromagnetic as well as the weak interactions 
seem to he describable in terms of current operators at 
least at not too high energies. It was observed that the 
hadronic weak current can be broken up according to the 
iso spin and hypercharge quantum numbers conserved by the 
strong interactions. This together with the observation 
that strong interactions are approximately invariant under 
SH(3) group of transformations has led to a unified basis 
for describing both the interactions. It was proposed by 
Cabbibo*’ that all the weak vector currents together with 
the electromagnetic current should belong to a oommon 
SN(3) octet of operators. Similarly, the various weak 
axial vector currents form an another octet of axial vector 
operators. This identification is very significant in 
that the charges associated with the various physical currents 
can now be considered as the generators of the underlying 
symmetry group . These charges, which would be conserved when 
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the symmetry is exact satisfy the Lie algebra of the group. 
However, in nature, SU(3) symmetry is not exact one and 
is broken as evidenced by the mass spectrum of the hadrons. 
Such symmetry breaking effects induce time dependence in 
the charges and -Cabbibo's hypothesis as such loses its 
significance. This necessitates the introduction of some 
dynamics into the group structure. Gell-Mann, therefore, 

p 

proposed that algebraic structure of the underlying symme- 
try is more basic than the symmetry itself. The time 
dependence acquired by the charges due to symmetry breaking 
effects is, therefore, such that the commutation relations 
between the charges defining the group algebra continue to 
hold at equal times. These equal time commutation rela- 
tions can formally be obtained in field theoretic models 
like a -model, the free quark model^ and are given by. 


[< 5a {x o>> = 1 f abo Y l M 


lQ a ( - x o’>> A “ (x)3 

I^o 5 ’ V b (x)1 


* ^a>jc A o ^ x3 


1 f abc A o (x) 


- 1 f ab= V o « 


where a,b and c = 1,,.. 8 and the are the structure 

constants of the algebra of the group SU(3), The genera- 
tors and are the vector charges and the axial vector 
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charges respectively corresponding to the vector current 

octet Vj* and the axial vector current octet A*J. The 

a a 

non-linearity of the algebra fixes the relative scales of 
the various currents whereas currents measuring charge and 
hyper charge fix up the overall scale. 

One may go a step further and generalise these 
relations to those between time-space and space-space com- 
ponents of currents. This is not justified because the 
operator product at the same space time point are not well 
defined objects. Careful derivation of them yields gradien-' 
terms in the delta function known as Schwinger terms'^. The 
nature of these non-co variant terms depends on the model 
and is known very little. 

The physical content of the above equal time algebra 
has been deciphered in essentially two different ways. It 
has been used to obtain numerous significant results in the 
form of sum rules and low energy theorems in conjunction 
with the hypothesis of partial conservation of axial vector 
current^. The derivation of these results uses soft pion 
approximation which involves extrapolation to the unphysi- 
cal point of zero pion four momentum. On the other hand, 
Schnitzer and Weinberg^ have developed a systematic hard 
pion technique for investigating the n-point functions of 
currents. The main assumption in this scheme is the , 
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dominance of the currents by spin zero and spin one mesons. 

The Tferd identities, which form an important ingredient of 
the technique then provide enough restrictions on the vacuum 
expectation value of currents to solve the problem. However, 
in most of these applications naive Iferd identities obtained 
through formal manipulations of divergent expressions are 
used. This procedure is not justified and has led to 
incorrent conclusions such as the supression of the neutral 
pion decay. Adler, first, studied this problem in the frame- 

C 

work of perturbation theory . He showed that the infinities 
inherent in spinar field theory produce, in the Ward iden- 
tities, well defined extra terms not present in their formal 
derivations. Since then several authors have studied these 

identities in a number of spinar models with the same con- 
7 

elusions . In particular, using Pauli and Villar 1 s regula- 
rization procedure to define the Green functions of currents t 
Brown et.al. showed that one can not avoid these additional 
terms in 1/fe.rd identities relating abnormal parity amplitudes 
even after using the freedom of adding to them a polynomial 
term in momenta. These additional terms have been called 
anomalous terms. These terms put the renormalisation scheme 
of gauge theories of weak and electromagnetic interactions 
in a predicament. They have catalogued the form of the 
various anomalies in terms of a shift term representing 
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ambiguity in the assignment of loop momentum and few 
unknown constants. The shift term depends on the model. 
Different possibilities exist for the unknown parameters 
ocourring in these anomalies. One particular choice may 
eliminate an anomalous term from the vector or axial vector 
Ward identity whereas the other may not. It is, therefore, 
desirable to have some experimental information regarding 
them. 

The electron positron colliding beam experimental 
facilities available at places like jSLAC, Frascati etc. 
offer a unique opportunity to study the much discussed 
p seudo s calar- ve ctor- ve cto r vertex funotion which can have 
anomalous terms in both the vector as well as the axial 
vector Ward identity. Using the hard pion technique of 
Schnitzer and Weinberg we have studied the effect of these 
terms on the %° production in the prooess ee - ee-jt 0 in the 
region of space-like masses for photons. The phase space 
calculation is simplified by working in the William -Weizsa eke r 

g 

approximation for one of the virtual photons. The behavior 
of the differential cross-section is found to depend on the 
various possibilities for the anomalous terns and Gan possibly 
show presence of anomaly in the vector Ward identity. 

The current algebra scheme furnishes information about 
the low energy behavior of the Green* s function of currents. 
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The high energy behavior of these functions too is physi- 
cally relevant due to its hearing on the unitarity and 
renormalisability of a given theory. Moreover, with high 
energy accelerators already in operation their asymptotic 
behavior has acquired additional significance. However, 
at present, general discussion of high energy behavior of 
a given theory is not possible. It can be studied only 
in the framework of re no nnalised perturbation theory which 
itself has doubtful validity at such energies. Of late 
renormalisation group technique has also been used for 
this purpose. Some years ago, Bjorken and Johnson and 
Lovr* (BJL) pointed out that the high energy behavior of 
the time ordered product of two operators can be obtained 
from the knowledge of the equal time commutator of the two 
operators and its time derivatives: 

lim < p | / e iQ * x T(A(x) B(o)) dx | a > 

Q o° 

be 

Q fixed 

= f- S dx e iQ * x 6(x 0 ) < p I [A(x),B(o)Jj a > 

+ — 1 g / dx e iQ * x S(x 0 ) < p | [Q 0 A(x),B(o)J| a> 

% 

+ o (-4=) . 

Q 5 

However, the divergences present in the theory usually does 



not allow the use of cannonical equal time commutation 
relations. This has become known as the breakdown of the 
BJL expansion in the perturbation theory^. Nevertheless, 
this expansion can be regarded as the definition of the 
high energy limit of the time ordered product of two 
operators. We adopt this point of view in Chapter III 
but do not use canonical equal time commutators. Its con- 
sequences for the single and double hard plon production 
in the lowest order e + e~ annihilation processes have been 
obtained. The differential cross-sections in the central 
region of the inclusive processes in which only a neutral 
pion and two equal charge pions are observed have been 
found to depend sensitively on the validity of the BJL 
definition. These processes, therefore, can be used to 
test the same. A method for independent measurement of 
the isovector part of the ratio R = a(ee - hadrons)/a(ee - uu ) 
also emerges. 

The equal time algebra of currents makes statements 
about the singularities of the product of currents on the 
tip of the light cone. Recently, theoretical interest in 
the structure of such products near the light cone region 
was greatly stimulated by the experimental confirmation of 
the scaling of the deep inelastic electron proton scattering 
process. This process in the scaling limit is controlled by 
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the singularity structure of electromagnetic current commu- 
tator near light cone region of the coordinate space. This 
has led to the extension of the short distance expansion 

of the operator products suggested hy Wilson to the light 
*1 *1 

like distances . The tensor and the internal symmetry 
group structure of the current commutators near the light 
cone has also "been extracted from "both the free and the 
interacting quark models"* 2 . The basic difference from the 
equal time algebra is the appearance of unknown bilocal 
operators. This light cone algebra provides an elegant 
configuration space description of processes involving a 
large ’mass’ current in the Bjorken scaling limit. It has 
also corrected few sum anile s derived from current algebra. 

It is natural to ask if some other high energy 
limits are also controlled by the singularity ^structure 
of the operator products near light cone. It is shown, in 
Chapter IV, that the backward region of high energy elastic 
pion nucleon scattering also receives dominant contribution 
from this region of configuration space. The constraints 
of keeping the particles on the mass shell compels one to 
confine to the backward directions only. As in the case of 
deep inelastic scattering, the available data suggests 
dominance of the light cone structure of the product of two 
pion sources by the twist two operators. The scanty and 
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not too accurate data approximately follows the pattern 
required by light cone dominance. 

Essentially the same technique is used to study the 
pion inclusive process in the limiting fragmentation and 
the pionization regions in the penult chapter. Its behavior 
in these regions is related to the light cone singularities 
of the product of pion source currents. Assumptions, 
which are needed to obtain the simple forms of distribution 
function, have been identified. We sum up in the final 
chapter with a few concluding remarks. 



CHAPTER II 


ANOMALOUS WARD IDENTITIES AND %° PRODUCTION 

Colliding electron (positron) beams offer a very 
potential source of information about electromagnetic 
and strong interactions. Laboratories with such a facility 
have furnished first clean study of the well known vector 
mesons. Of late, a few new resonances have also been 
predicted. This has created much incentive for theoretical 
investigations of the one photon annihilation process, 
e + + e~ -*■ Y -*■ hadrons shown in Eig. 1(a). However, it 
was realised sometime ago that this annihilation process 
together with other higher order ones decreases with increase 
in beam energy but the fourth order process shown in Pig. i(b) 
is logarithmically enhanced due to the possibility of almost 
real photon exchange . This two photon annihilation mecha- 
nism of particle production is, therefore, expected to 
dominate at high energy. This opens up a whole area of new 
possibilities and information to be gained from such pro- 
cesses. In particular, it can be utilized for investigating 
the photon-photon-hadron vertex in the kinematical region 
where Virtual photons possess space like masses. With this 
in view we consider here the production of neutral pion in 
the process ee -* ee%° which explores the much discussed 
pseudo scalar- vector- vector vertex. The present discussion 
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is confined to the kinematical region where dominance of 
the amplitude by vector mesons makes sense. 

The relevant hadron vertex was shown by Veltman and 
Sutherland^ to vanish in the conventional current algebraic 
approach, which assumes the proportionality of axial vector 
current divergence to the pion field. This contradicts the 
experimentally observed two photon decay of neutral pion. 
Subsequently, Bell and Jackiw^ pointed out that the decay 
is not suppressed in o-model which has PCAG built in it. 

The resolution of this contradiction is found in the break- 
down of the usual arguments used in writing Iferd identities. 
Namely, the Schwinger terms in the equal time commutators 
and the divergence of the sea-gull term co variantizing the 
time ordered products are consistently ignored on the pre- 
sumption of their cancelling each other. Such a cancellation 
was conjectured by Beynman. It has been shown that in 
general this need not happen 1 . This immediately raises 
doubt about the validity of Ward identities obtained through 
formal manipulations - known as naive Ward identities (NWI). 
Adler, first studied this problem within the framework of 
perturbation theory in the context of spinor axial vector 
current^. It was found that the axial current does not 
satisfy the Nfl and also its divergence is not the usual 
expression obtained by formal manipulations of field equations. 
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The reason for this was traced to the presenoc of linearly 
divergent closed loop triangle diagram which prohibits 
shift in the integration variable needed for naive deriva- 
tion to be correct. This stimulated the study of Ward 
identities in various models with the inference that shift 
terms, known as anomalous terms, do appear in IWI, In parti- 
cular, Brown et.al.^ concluded that these terms can not 
be avoided even after using the freedom of adding a poly- 
nomial term to the regularised Green’s function. They have 
catalogued the various abnormal parity amplitudes together 
with the explicit forms of their anomalies upto some cons- 
tants. Constants depend on the choice of the model,, and 
their experimental study should be capable of discerning 
among the various possibilities. 

The AW vertex has been shown to have in general, 
anomalies in both the axial vector and vector Tiford identi- 
ties. There are speculations that this vertex has only 
axial vector anomaly. But it has not been established 
that when vector currents acquire mass the contribution 
of the vector anomaly will be meagre. We study, in this 
chapter, the effect of both axial vector and veotor anomaly 
on %° production in the two photon process ee -* ee%° ^ . 

We begin, in the next section, with the anomalous 
ostial vector and vector Iferd identities for the three point 
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function < 0 j 2? A® (x) vj (y) V* (o)j 0 >. Using hard 
meson technique with the assumption that the entire 
hadronic electromagnetic current is composed of the linear 
combination of the known neutral vector meson fields, we 
obtain the PW vertex in terms of eight unknown parameters. 
We take quark model value for one of them. In Section 3? 
we see that the neutral vector meson decays and the n° - 
• decay enable us to fix up the remaining parameters. Here 
an expression for the slope of the 7t° form factor has also 
been obtained. In Section 4, we derive an expression for 
the differential cross-section and present numerical 
results. The last section is devoted to the discussion 
of the results. 

2.2 y — Y- n° "VERTEX FUNCTION: 

Consider the reaction, 

e “(P 1 ) + ® + (p^) e~(p 2 ) + g+ (P 2) + ^(q) (2.1) 

which proceeds predominantly according to the Feynman 
diagram of Fig. l(b). Lorentz covariance and parity con- 
servation restrict the form of the hadron vertex to, 

ilc • x 

T uv = i / dx e 1 < 0 { 1 <J V (x) J v (o) | 7i 0 (q) > 

k a k^ 


p( 4 2 , 4 k 2 ) e^,, 


( 2 . 2 ) 
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where J y is the electromagnetic current and k, momenta 
of the virtual photons. The functional form of P is 

5 

obtained using the well known Schnitzer- Weinberg technique . 

Its main assumption is that the vector and axial vector 
currents are dominated by spin-0 and spin-1 mesons. This 
is imposed in the form of the simple momentum dependence 
of the proper vertices, together with the requirement that 
the spectral functions of the propagators are dominated by 
the one meson states. Tfiford identities then determine the 
unknown coefficients in the proper vertices. 

Let us define, 

M(q,k y\ c = / dxdy o-i^-ik.y < 0 [TA^ (x) Y^(y)v£(o) 1 0> (2v3) 

jlVA 

M(q,k)^ c = / dxdy e “ i( l-^ ik * y <o| Ta^(x) V^(y) V°(o) 1 0> (2«4J 
Now using equal time algebra, 

S(x 0 -y 0 ) U®(x), V^(y) ] = if 3,150 a£ (x) 6(x-y). 

6(x Q _y o ) <(y)] = if 2,130 A° (x) 6(x-y) 

5(x 0 -y 0 ) EV^(x), Vy(y) 3 = if® 130 (x) 6(x-y) 

and charge conjugation invariance Y&rd identities satisfied 
by M (q,k) vvX can ^e written, suppressing SU(3) indices, 
as, 

qW MCq.k)^ = -i M(q,]£) vX + 4(AW) vX (2.5) 

k v K(l,l£) )wX = 4r( AW )t.x (2 - 6> 

= V A¥7 >,» (2 - 7) 
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Here A and Ay are the axial vector and vector anomalous 
terms^, respectively, given by, 

4(A a vV) vX = (2b r 3y) a ab0 e vXap k“k| (2.8) 
\(A a TV) nX = b 1 a ab0 e yXop k? (2-9) 

These terms do not occur in the formal derivation 
of the Ward identities. Here y represents the surface term 
arising when a shift of integration variable is carried 
out in the linearly divergent integral representation of 
the three point function. It is zero if there are no diver- 
gences in the theory. The quantity b 1 is the coefficient 
of the polynomial term which can always be added to the 
regularised vertex function. Both these quantities are 
model dependent. 

Since the neutral pion decays into an isoscalar and 
an iso vector photon indices b and c take the values 3, 8 
and o. The operators and V° are, respectively, propor- 
tional to the hypercharge current and the baryon current. 
Assuming vector meson dominance* 18 we can then write, 

= fy (cos 0y 0^ “ Sin m <a ( 2. 10) 

Vj = fj (cos e B + Sin e B m | 0 X ) (2.11) 

where fy = lf3/2% and f j = 1/372/% % ana f B are tbe 

hypercharge and the baryon coupling constants. 9y is the 
Tni'vi ug angle between m and 0 fields corresponding to the 
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hypercharge current. is the similar angle for the 
baryon current. 


Using equations (2.10) and (2.3) we define the 


proper vertices 


and as follows: 

<p,w 


M C q,k )yvX = d f Y^ g A g V aA ^uu’ A V) vv » {cos e y xx * 


. y’v'X* 


. p'v* X* 


V q » k) ” " - sin e y A t0 (k 1 ) u , r w Cq,k) W ' " }] + 

* < jabS K 2 f Y 1“ 14, (q) fy 1 4 v ( » w , {cos e Y ml 
4 *t k lV - sin 0 V *1 4»{k l ) u , r (i) ( q ,l)' , ' x, } ] 


(2.12) 


M(t >- k C " dal>8 f Y l\Cq) g' 1 4 V (k) vv , {cos 6 y 4+OCj)^, 


,V»X* 


r t (q.M v '“' - sin e y m 2 4“(k 1 ) u , r ta (q,k)'” A ’)] (2.13) 


vix*. 


Here k. = -q-k and A^(k) and A^(k) are the co variant 
spin one parts of the vector and axial vector propagators. 

A u,< ^ (k.j) is the vector meson propagator. These are 
defined in Appendix A. After some straight forward algebra 
we get the Ward identities in terms of the T-. vertices. 


cos e Y m* A^Ckj)^, r^(q,k) v,X ’ - Sin 6 y m* r u Cq,k)V * 

= i Sp^ A^Cq) A ^ C0S e Y % A ^ k pXX f r $^ q,k ^ 

Sin 0 Y m2 A^XX* r u Cq^) y,V ’ X, > - i ff 1 % Mq)- 1 A V (k);J, 


A(AW) VX 


( 2 , 14 ) 
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k v A V 00 vu , fcos e y tfi (kj) xx , ^ |t Cq,k) ,,,v,X, - sin 0 y mj A^k^, 
r^tq.k^''’^'} - 4" 1 g A g v i A (q); X t 4(AW) bX (2.15) 


k X (cos 6 y r^k)”''’'*' - sin 6 y mj A®^)^, 

r u (q,k) ,, ' VU '} - 4' 1 g A gy A A Cq)-J, A V (k);J, A V (AW) W (2.16) 


Notice that (2.14) contains four unknown r-functions. To 
solve for r yv . in terms of r wv * another equation. , 
analogous to Bq. (2.14), is obtained using equations (2.3) 
and (2.11). This can directly be written from equation 
(2.14) by making the following replacements, 

4 - 4 

cos 9y - sin e B (2.17) 

sin Qy -cos e B 


sin e E nj r^(q.k) U ' * cos e B r is (q,k) xx ' 

■ 1 h ‘,W‘ ‘> V iA W w . (si” «B ”4 4^0= j) XV I ' tf (q.W l '' V ' 1 ' * 

cos e B m2 A“(k,) xx , r (ii (q,k)”'' , ' X ') - 1 f- 1 g y A^q)' 1 A V (k);J,A(AW) vX 

(2.18) 

Using equations (2.14) and (2.18) finally we get, 
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where , 

= fjg COS 0y **• Xy Sin 0^g 

^cf> = fy” 1 cos 0£ + sin 0 y 

The structure of the vertices appearing on the 
r.h.s. of (2.19) is dictated by the vector Ilford identities 
(2.15) and (2.16). Writing similar equations for c = o 
we solve for them obtaining 


!t v r B ,/ < 5> k )“ , '" x ' - % h sec <6 b -V “4 * 


V AW) »* 


( 2 . 20 ) 


k lA. - V* % % **&<. »<= CW V AVV >yv 

(2.21) 

Lorentz covariance restricts r . to have the form 

vvX 

r yvX (k, V = Y 1 E yvXa k ° + y 2 e yvXcr k l + Y 3 k ¥ e vXar 
k<T k I + Y 4 k l 1 i £ vXax ^ k I + Y 5 k v e yXar 


k 0 k T + y 6 k lv e y xaT k ° k I 


( 2 . 22 ) 


2 , 2 , 2 , 


where y. - y Cq ,k ,k.) 

3 j 1 

We now assume meson dominance of the propagator 
spectral functions and impose the restriction that the 
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momentum dependence of the proper vertices be as smooth 

as possible. This requires as we shall see later, 

Y., 3 - 3 , . .., 6 to be independent of momenta. Using 
J 

equations (2.19) - (2*22) we obtain, 


(b - . jr f. \ *31 ^ 2 2 <\ /•<! 2 2' 

T 1 ■ - b l sec (9 B % Cq "V Ck _r 


(2;23) 


-y“"> * k 2 y|'* * | Cq 2 - k 2 - k 2 ) 

’ b l \,,p sec ( W “p s; 2 8* 1 Cq 2 -*^) tki'® 2 ^) 


- i T ,(q,k) v * X * = { 

“*<!> 


(2.24) 


% V^ 1 * Y»* * i (, 2 -k 2 ^ 2 ) Yj’* 


Cq 2+ k 2 »k 2 ) Y ;**> * CBbj - 3y) see CW»& V q) 


-X 


»!-<*) Ck 2 -m 2 ) k' ,U ’ aB k a k le 


(2.25) 


Substituting in (2*25) for and Yg fnom (2, 23) -(2. 24) 
we get, 


- 1 W q * k) 


V*X> 


■ t-g A j \ W 1 *! 2 * k 2 rj’* . k 2 r“- 9 ) 


- b l S6C n Aj V^' 1 tq2 - n A 1 ) ' (k2 "»,r l 'l m P )/ “«^ 


*1 -2 


♦ v b rw\s sec <w«r ■£♦ b ,w*v-» 2 ) ck 2 ^},''’ 2 ^ k a k ls 


(2 #26) 
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where r« s are linear combinations of y . , D = 3,...6 

J 

and smoothness assumption requires them to be independent 
of momenta. It then follows that these little gammas 
should be constants. We now have the complete structure 
of the function M vX , Eq, (2. 13), which is proportional 
to the pion decay amplitude T . This gives us 


,2 „2 A _ t2t I’M .2 . 


fCq'.kSq) = i e z ♦ J__ *1 sec (9 B -9 Y ) 

3f . Y 


x { 


rt 2 ™ 2 v 2 J-\ 

C^i m p - k m A ) 


»i -p - k2 "&> 


— o — o cos ®Y • s~ r X sin e v > 

(k 3 -ni 3 ) * Y Ck? - »?) “ Y 


p_ 

1 ' 


e 


~~o~~2 { ~ g A m A 2 ^ Cq2 r i + k2 r 2 + k l r t) 

Sf^-m 2 ) A 1 A 1 1 2 13 


cos 6y 


(k 3 - 3 ) 


9 .. „ ... 0 sin 6 V a 2 

- Cq 2 r“ + k 2 r 2 + k^ r“) — Y - - ] } + (k++ k.) 

C k rV 


(2.27) 


This gives 

(2b ~3y)e 2 

P(0,0,0) = 3^ 

i.e, in the soft pion limit the two photon decay of , the 
neutral pion Is allowed. In the absence of axial vector 
anomaly this decay will be suppressed and we obtain the 
result of Sutherland namely, 1(0,0,05 = 0. It should be 
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noted in Eg. (2.27) that the structure dependent part 
depends only on the vector anomaly b^. Therefore, from 
the tc-decay alone one cannot conclude the absence of 
vector anomaly. Its effects can be observed in processes 
involving at least one of the two photons off the mass- 
shell. 

Eor q 2 = k 2 “0 and m 2 « m 2 E(q 2 ,k 2 ,k 2 ) 

becomes, 


F(0,0,kj) * 


2 (2b 1 -3y) 2 bje 2 sec Ce B -e Y ) 


e + 


3f_ 


3f 


COS 0y 


x {• 




, e 2 f ' g g« m" 2 

i— ) * T— L. 1 *1 k 2 [cos 8„ { 




3f m2 

IT p 


m 2 J 2 J 

m <j> r 3 m p r 2 


Ck2, m 2) (k 2 - m 2) Ck 2 -m 2 ) 


sin 9v mf 

I P f r “ + r w \i 

2 Cr 3 r 2 )j 


C2.28) 


The constants b^ and y are model dependent. Their 
relative strength depends on the choice of the model. In 
Han — Hambu model, the value of y alone accounts for the 
it 0 - decay, thereby indicating the absence of vector anomaly 
i.e. b^ = 0. Its quark model value predicts the decay 

width nine times smaller than the observed value. Hence it 
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requires substantial contribution to the AW vertex from 
the vector anomaly. To estimate maximal effect of vector 
anomaly we take the quark model value for y: 



Also we assume smooth extrapolation of the function 3? 

p 

from the unphysical point q = o to its mass shell value 

p (0, <j> 

which requires q^ r to have small variations in the 
region of extrapolation. We approximate it by its value 
at the lower end of the region* This eliminates r 
from Eq. (2.27). 

2.3 NEUTRAL "VECTOR MESON DECAYS AND THE CONSTANTS' r : 

The three point function 0 , which we have 

obtained above, also describes the decays 0 p7t, 

0 n y y os -* tiy $ w -ptc and p •* %y , We use these 
decays to determine the constants and . 

Using (2.13) and ( 2 . 26 ) and writing electromagnetic 
current J p as , 

J p = e Ivl + -J- 7®] 

V f3 

we obtain for the decay constants, 



2 / •• 


top TT 


S <ng r“ ♦ m l r“) 

/ 3 £ v? A 

ir A, 


(2,29) 


airy 


fi g p% “co 

[b x x u sec Ce B -e Y ) + — — — r“] 

m A, m p 


/3 £ 


(2.30) 


piry 


t, _2 g 4 ® 

e J°l “P A 1 p ,_&) . . _a . ,, 

[ + — - — (r 2 sm e y - r| cos e y )] 


3frr 




l i 


S (*p ?2 * r|) 


<pprr f 


m. 


(2.31) 


(2,32) 


« g P gA l “♦ A 

W 55 Eb i x <i> sec C8b ' 6y)+ ?^2 r 3 3 

®P \ 


(?.3S) 


The derivation of above relations has been sketc > '' 
in Appendix B. We observe that only radiative decays 
receive contribution from the vector anomaly. How experi- 
mentally observed widths of the decays 0 - nr and 0 -* Pit 
are very small. This we take into account by assuming 
that 0 -* p - % vertex vanishes. later we shall see that 
our results are not sensitive to this assumption. Equa- 
tions (2.52) and (2.33) then determine and in 

terms of b^ and other parameters: 

^ b i »p %% !ec < w 

r 3 ~ " " m 2 

*p \ 


(2,34) 
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r 


* 

2 


r* 

r 3 



(2.35) 


The decays a •* pn and u ■* %y fix up the cons- 
tants 3 * -^ or mixing parameters wo take Oakes and 

Sakurai type current mixing" 1 ^. The coupling constants g p 

PO 

and g^ are obtained from the current algebra results : 


and 




f 


2 


% 



Using above information we obtain eight sets of 
values for r’s. four of them are eliminated by using 
the constraint that the P - uy decay lies within the 
present experimental limit i*e. 

f(p -*• tcy ) < 0.56 HeV 

We list the remaining four sets in table 1 together with 
the values of r«s for the case b^ = 0. We now have all 

OOO 

the information about the structure function f(q , k , ktj) 
so we can proceed to compare with its experimental measure- 
ment. for the experimental comparison we consider the 
%° Tf vertex function occurring in a) tc° -* y + (e + + e“) 

Hr + o 

and b) e e~ ** e e” % . 
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The neutral pion apart from the dominant two photon 
mode also decays via internal conversion process it 0 -* y + e + e“ 
initiated hy the %° y y vertex. Therefore, in the kinema- 
tical region k^ = o and 4m^ < k^ < m^ the function P 

should describe the Dalitz distribution of the lepton pair. 

The form factor effects in this region are described by a 
slope parameter a % defined as 

^(m^, xm^, o) = P (o, o, o) (l + a % x) 

p p 

where x = ky/m . The value of a„ is characteristic of the 
r it 

nature of %° - y interaction. Prom (2.27) we obtain the 
following expression for a % : 

a ” = 75rW ‘XIT < sIn e Y (r "* r 3’ - <=° s e Y t r 2 * r 3»- 

b l sec (e B - e Y ) {X, cos ByC-i- - if - sin e Y (i- - i_)}] 

m P “p 


This gives us the following two possible values of a : 

(a^j = 0.012 and \a % \ = 0.014 

The sign of a % depends on the relative signs of r*s 
which can not be ascertained. The vector meson formalism 
and the dispersion theoretic approach with resonance 
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dominance predict the values 0.032 and 0.046 respectively 

2 1 

for the slope parameter . The available experimental 
values are: 

22 

= -0.24 + 0.12 and = -0. 15 + 0. 10 25 

= 0.01 + 0. 11 24 

The discrepancy between the theory and experiment 
may be due either to the contribution from higher mass 
states or non- resonant contributions. But in view of 
the large errors involved there is a need to obtain more 
accurate values of a_ before some definite conclusions 

7w 

can be drawn about %°- y dynamics. 

2.4 DIFFERENTIAL CROSS SECTION FOR THE PROCESS ce - een° : 

In this section, we consider n° - production in the 
process (2.1), which explores the function F(q ,k ,k^) 
for spacelike values of photon masses. The reaction 
proceeds via the Feynman diagram shown in Fig. 1(b). We 
simplify the phase space calculation by assuming that one 
of the electron beams acts as a source of the virtual 
photon beam and only the transverse polarisation provide 
the dominant contribution. For then the equivalent photon 

Q 

approximation can be invoked to obtain the following 
relationship : 
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d 2 c 


dE* d cos 0* 


-/ 


dk 

r £NCk o ) 


a „ 

d 0e Y -> eir° 
dE* d cos 0’ 


(2.36) 


where , 

E = beam energy; k Q = photon energy; Eg = E - k Q 
E' = energy of the electron scattered at the angle 9* 


and, 




— fl- 


% 


E 2 + E 2 (E - E p ) 2 

p— ^ (in E/m - 1/2) + ~ 2 ~ 


x 


( In 



+ 1 ) + 


(E - Eg) 2 
2E 2 


In 


2E 

(E - Eg) 


] 


The derivation of Eq.. (2.36) has been sketched in the 
Appendix C. Now the matrix element for the process eY -*■ em 0 
can be written as, 

M = e u( P g) Y u u( Pl ) (2.37) 

1 

where k 1 = p^ - P g and T v is given by (2.2). 

Using (2.36) and (2.27) we obtain the following expression 
for the differential cross section in the centre of mass 
frame, 

d 2 o © 2 3 c , 

ee eew ir ct E* 0 « n * 

jF(0,0,k‘)| 2 N(k 0 ) [4E 2 +E> 2 (1 +cos Q*) 2 ] 

dE* d cos 6* XEjkf j 
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where , 

X = (23 - E* - E* cos e'); k Q = -k^/2X 

p 

and E(o, o, k(j) is given by Bq_. (2.28). 

In Big. 3, we have plotted this differential cross 
section as a function of E 1 for the two values 1,4 C-eV and 
1.6 GeV of the "beam energy E and for the scattering angle 
8 f = 20°. This choice explores the hadron vertex for the 
photon mass in the range 0.13 < ~ k(j (G-eV^) < 0.27. To 
get an idea of the momentum dependence we have also plotted 
in Pig. (2), jE(o, o, k^)j^ and the corresponding } 3?| ^ 
obtained from the n°-decay width, 

2.5 DISCUSSION: 

Erom the table 1 we note that are order of 

c. , 2 

magnitude larger than r^’s for the 0 - mesons and therefore 

dominate the last term in the Eq_. (2.28). Therefore, as 

mentioned earlier, our function E is not very sensitive to 

a 

the values of r o ~. So we do not exuect significant modifi- 

2,3 

cation of our results when the fact that the decay 0 -* Pn 
does take place is taken into account. Purtheimore, it is 
the sum of r g which is important and not 

their absolute values. Erom the table it is seen that there 
are only two different values of Ar“ for the four sets, 
which either add to the contribution of the axial vector 
anomaly or subtract from it. Thus, as seen from Eig, (3) we 
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Table 1 


p 

Values of the quantities r' = r and the sum 
Ar“ = j r^ 40 + | for the two cases b^ 4 o 

and b^ = 0. 


No 


1 


2 



0.050 0.156 


- 0.037 - 0.12 



- 0.088 


0.066 



r ,t0 

r 2 

r «w 

l S 

af 03 

r (a) 

- 2.78 

1.64 

1. 14 

rO 

V-X 

1 

- 0.146 

1.22 

1.06 

(a) 

- 1.40 

0.34 

1.06 

-0>) 

2.58 

- 1.44 

1.14 


+ 2.00 

+ 0.88 

*1.12 


3 0.0 


0.0 


0.0 
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obtain two different predictions, at the same photon mass, 
for the differential cross section which lie on either side 
of its value with no structure dependence. 

We see from Figs, (2) and (3) that for small values 

O 

of the structure effects, as expected, do not show up 
very much. But as the photon acquires a significant mass, 
the dependence of the hadron vertex on it becomes important. 
With the increase in the photon mass the deviation from 
the curve without structure dependence increases. The 
reason is the presence in the function F, Eq. (2.28), of 
the factor k.j 2 /(k^ 2 - m x 2 ) which increases with k^ 2 . 

The upward trend, relative to no structure dependence 
part, in the differential cross-section should bo contrasted 
with the situation in vector meson dominance model where 
the differential cross-section will always decrease with 

p 

the increase of k^ . Moreover, in Iffl, the decrease with 

p 

k^ will not be as rapid as in our case because of the 
absence of the above mentioned factor. 

For the case b^ = 0, which coincides with the 

Ban-hambu model, the values of the constants r f s change 
substantially, see table 1. In this model, the sum &r“ 
for different sets of values of r“ always adds to the 
contribution of the axial vector anomaly y. This, in turn, 
increases the differential cross section for all the sets, 
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in contrast with the quark model predictions. The value 
of Ar“ in this model is found to he nearly equal to its 
value in the quark model. Therefore, the upper curves 
in Pig, (3) almost coincide in the two models making -.dis- 
tinction between the two difficult. 

Equation (2.36) is valid strictly in the case of 

the unobserved electron scattered only in the near forward 

directions. Therefore, the differential cross section 

computed using ( 2 . 36 ) would differ from the actual value. 

'25 

On the basis of numerical considerations it has been 
found that the double equivalent photon approximation 
generally under estimates the exact result by 10 to 15 
percent. Since in writing ( 2 . 36 ) only one photon has been 
treated in this approximation we expect our results to 
reasonably approximate the actual ones. 

The detection of one of the outgoing electrons in 
coincidence with the produced hadron eliminates the back- 
ground due to the annihilation processes. The only other 
process which can interfer with the two photon mechanism 
is the one where both photons exchanged are time like. The 
contribution of this diagram is expectod to bo quite small 

and therefore has been neglected. Such a process was, 

og 

in fact, analysed by Young using a similar technique but 
with an altogether different motivation. The main emphasis 
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in his work is to look for the observable effects of axial 
vector anomaly. Since this anomaly in the Han Hambu model 
accounts for almost entire neutral pion decay, he assumed 
the absence of any anomalous term in the vector Ward 
identity. Here we have tried to see the effects of the 
vector anomaly which is allowed from the general considera- 
tions. In this regard the choice of the quark model is 
significant since here vector anomaly gives substantial 
contribution to the PVV vertex enabling one to study its 
maximal effect. As the quark model value of axial vector 
anomaly gives %° decay width nine times smaller than the 
experimental value » Young conjectures against smooth 

O 

extrapolation in q in this models Obviously this is true 
only in the absence of vector anomaly. The radiative 
decays of the neutral vector mesons which fix up the cons- 
tants r»s have been found to depend ox . t the vector anomaly 
b^ in contrast to Young*s work. He obtains total cross 

*7 p 

section of the order of 10 cm supporting the expectation 
that contribution to m 0 production from the time like region 
should be small. The contribution from the space like 
photons, considered here, is much larger and is further 
enhanced at high energies. The differential cross section 
obtained is of the order of 10“ ^ cm^ which should be easier 
to measure. Furthermore the differential cross section 
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in the quark model exhibits, as mentioned above, a feature 
distinct from that in Han Nambu model namely, the downward 
trend relative to no structure dependent part, 

Now experimentally if the differential oross section 
lies above the curve with no structure dependence, one can 
not distinguish between the two possibilities for ~b. in 
the proposed reaction. However, if it shows a downward 
trend and goes faster than expected on the basis of VMD 
it should be an indication of the presence of the vector 
anomaly. 



CHAPTER III 


HARE PION PRODUCTION IN ELECTRON POSITRON ANNI HILATIO N 


The importance of the study of soft pion production 

in electron positron annihilation reaction was first 

27 

emphasised by Pais and Treiman '. These authors showed 
that processes, 

i 

e + e -* soft pion + anything (3.1a) 

and 

e + + e” •* two soft pions + anything (3.1b N 

in the lowest order in electromagnetism, can furnish valuable 
information on otherwise experimentally inaccessible spec - 
tral functions associated with the strangeness conserving 
weak axial vector current and the Iso vector electromagnetic, 
current. These spectral functions bear important informa- 
tion about the structure of the interactions. Their analysis 
based on the notions of current algebra and partial conser- 
vation of axial vector current, involves delicate energy 
dependent extrapolations of the amplitude to the unphysical 
region of zero four momentum pion. This technique is, 
therefore, applicable only to annihilation processes devoid 
of final state baryon antibaryon pairs thus avoiding the 
contribution of soft pion emissions. The mass of the 
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n 

virtual photon is, therefore, restricted to k < 4 (baryon 
mass) 2 . 

In this chapter, we study the production of hard 
pions in the above processes in the high energy region - 
where the virtual photon mass is not restricted instead 
is allowed to go to infinity. It is of interest to discuss 
these, since, as we shall see, they provide information 
on the high energy dynamical parameters appearing in the 
short distance operator product expansions of Ay (x) A v (o) 
and Vy (x) V v (o). In particular the isovector part of the 
ratio R defined by, 

R = <S (ee -* hadrons)/ <r (ee -*■ w ) 

which is not separable in the total annihilation process, 
can possibly be measured in the inclusive process in 
Eq. (3.1b), The ratio R, in general, should depend on the 

p 

energy square k but is expected to approach a constant 

p 

as k Present experiments indicate that the ratio R 

is still on the rise. However, one striking feature which 
has emerged is that it has already exceeded the oonstant 

2Q 

values predicted by various quark models . 

Our analysis of reactions, Eq. (3.1) involves 
partial conservation of axial vector current together with 
the RJIi expansion of the time ordered product of two curren + " 
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Consequences are obtained which can be used to test the 

29 

soundness of BJL expansion . 


3.2 0KB PION PRODUCTION: 

let us, first, consider the following reaction, 

e + (p,|) + e“(p 2 ) it a (q) + X(P) 

in the centre of mass system i.e. P-j + Pp = ^ denotes 

the unobserved hadron system. The inclusive cross section 
in the lowest order in electromagnetic coupling is given by, 


“q d 3 q - k 6 1 V 


(3.2) 


where w energy of pion; a = 1/137 fine structure constan 
SL 


,yv 


the lepton vertex tensor 1 K ‘ V = (p^Pp + P^P^ - 
virtual photon momentum k = p^ + p 2 


and 


(it*) 


^ / dx e^ c * x S <ojJ v (o)|n a (q)X> 


<X it a (q)|J y (x)|o> (3.3! 


with J y as hadronic electromagnetic current. 
Consider the integral, 


/ dx e~^ mX <X7t a ( q) j J (x) [ o> 




(3.4) 
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in Eq. (3.3). Using the lehman-Symanzik-Zimmerman reduction 
formula to reduce in the final state pion and then PCAC, 

» 2 f 

it becomes, 


I 


a 

v 


L - /ax dy e -ik.x+iq.y 

72(2") 3 f„ 


tiq v < X|TA® Cy)Jy (x) | o> - &(x Q -J 0 )< X| [ A®(y) ^ (x)] | 

(3.5) 


Now change of integration variable and the use of the equal 
time commutator, 

6(x 0 ) [A*(x/2), J y (~x/2)] = - A* (o) 6(x) + ... 
give Eq. (3.5) the following form, 


Iy = - j — ~ - [< X|Aj(o)jo> + iqv / dx e lQ * X 

/2(2it) 3 f u 

< XjPA® (x/2) J v (-x/2)|o>] (2x) 4 6(E + q - k) 

(5.6) 

Here, 

Q = (q + k) , P = k - q, 

a is the isotopic index for pion and A^ AS = o weak axial 
vector current. Por convenience the produced pion is considered 
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to "be u~ so that a = i + 12. In arriving at Eq. (3.6) 

p p 

extrapolation to the point q = y = o has been done. Such 
an extrapolation is not serious one for the present region 
of interest where k >> v , the pion mass. It should be 
noted that q = o does not necessarily imply q = o. 

Now vie have , 

«0 = ~2 + V - « = -2-4 = - -f 5 

Therefore, BJL limit, which is Q q - °° with Q and all hadron 
momenta fixed, is physically accessible if the beam energy 
E — °o and pion momentum q is held fixed. So the BJL expan- 
sion can be used for the time ordered product tern in Eq.(3-6J 
which then becomes, 

t Q / 5 

Iy « ±r [< X|a5 (o)(o> + iq v t-Q- / dx e 

Q q - V 2 ( 2n ) ^ f ^ 0 

Q fixed 

S(x Q ) < I j [A$(x/2), J u (-x/2)]|o>> 

+ o( 1 /Qq) 1 (2tc) 4 6 (P + q - k) 

The BJL theorem involves an infinite sum and in order that 
it makes sense what one should make sure is that matrix 
elements of all the equal time commutators appearing in the 
expansion are finite. At present such a thing can be checked 
only in perturbation theory where calculations have revealed 
the break down of the expansion at the first stage itself. 
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However, at high energy perturbation theoretic results 
should be taken with some caution. The finite soc.ling 
limit confirmed in the deep inelastic region of lepton 
hadron scattering process, in fact, makes one optimistic 
in this regard as it shows that at least the lowest dimen- 
sional operators that occur in the equal time electromagne- 
tic current commutators possess finite nucleonic matrix 
elements^. This encourages one to assume the validity 
of KTL expansion and look for the consequences which can 

30 

be put to experimental tests, following Gross and Treiman^ 
we suppose that the expansion makes sense at least to the 
orders Qq" 1 and Q“ 2 . Thus the first term, if nonvanishing 
controls the asymptotic behaviour as Q 0 - Using Eq. (3.4) 
one obtains, 


< X m a (q) j J y (o) 1 



< X J A° ( o ) | o > 
(3.7) 


Equation (3.3) then becomes, 

(q,k)“ 3 / dx e- 1 ^-!)** < 0 |A a+ (o) A y (x)j o> 

2 < 2 *> + 4 (3.8) 

= 3 / dx e _ii; o x o-ii- z < 0 1 [a4o) , A.(x)]|o> 

2 ( 2*) 4 4 
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We see immediately that as k Q -*■ 00 only the short 
distance singularity structure of the product of axial 
vector currents is important. Moreover, what enters here 
is only its c-number part. This can be easily obtained 
in a free quark model and is given by, 


A+ (x) a; ( 0 ) £ R a (23„a v - g MV Q) 


± 


it 4 (x 2 ~iex 0 ) 2 


+ operator terms (3.9) 

The value of the constant R^ depends on the underlying 
quark structure of hadrons and is of interest here. 

Substituting (3.9) in (3.8) and using the relation, 


/ dx e iq * x 


(x 2 -i£x ) 2 


6(q 2 ) 




we obtain, 


R* 


" (3.10) 


As such W° is not gauge invariant, However the 
uv 

lepton vertex tensor l wv preserves the electromagmetic 
gauge invariance by picking up only that part of 
which vanishes when contracted with either k^ or k^ , This 
is because the tensor l uv satisfies the following properties 
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1 UV k. 




0 


and 


,yv 


(k « % 


+ k q ) = 0 


Using # , given by Eq. (3.10), the inclusive cross 

r ^ 

section, Eq. (3.2), becomes, 

d cr^ R.* oc^ . p 9 P 

— * -4 — - 7 C(k d - 2 q.k) + qf (1 - cos^e)] 

q d\ 7C k4 

where 8 is the angle of emission of the pion relative to 
the beam axis. Uow the angular integration can be easily 
done and so after some rearrangements finally we got, 


d cr- 


lim 

k^ -* °° 


w k £ 




d(q.k) % f' 




(3.11) 


% 


% 


fixed 


p 

where w = k /q.k. This equation provides a means of 
obtaining experimentally the short distance parameter 

( = 2 nj^) in the single charged pion inclusive process 
at high energy. r|^ is the corresponding quantity for the 
product Ay (x) (o). Tho relation of R^ to an observable 

quantity established above supplements a result of Cnawther and 
thus makes possible an independent measurement of the Adler's 
anomalous constant S through the following result arrived 
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at by him^**. 

S = 8 K Rp^ (3.12) 

Hero K is another short distance parameter occurring 
in the antisymmetric part of the short distance operator 
product expansion of two electromagnetic currents. It is 
determinable either from Bjorken’s sum rule for polarised 
deep inelastic electroproduction or from the high energy 
limit of the cross-section for e + + e*“ -* %° y + y“ with q 
fixed^ 2 . The relation (3*12) is quite significant as it 
relates high energy cross sections to an anomaly of low 
energy theorem. The value of S obtained from this relation 
should be compared with the PCAC result S =0.5. 

Since for the emission of a neutral pion the first 
term in Eq. (3.6) vanishes, the result to order a 2 is 

lim » k 2 = 0 (3.13) 

k 2 _ d(q.k) 

q^ fixed 

The contribution, if any, now will come from the time 
ordered product tern in Eq. (3.6). The above result can, 
therefore, be used as a test of the validity of the BJ1 
expansion. The extent of the break down of this relation 

O 

to order a will determine how good or bad the approximation 
is. This result also applies for any individual ohannel 
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n ; 0 + Z. Therefore, in the central region of the inclusive 

reaction the number of annihilation events involving neutral 

pions should decrease with the increase in the beam energy. 

The triangle graph anomaly in the divergence of the neutral 

axial vector current will contribute to Eq_. (3,13) terms 

•3 

of the order of or. 

3.3 Tiro PION PRODUCTION: 


Now lot us consider the production of two hard pions, 
e+ (Pf) + G “ (p 2 ) "* ^ a (l) + ^ b (q. f ) + Z (P) 

The inclusive cross section for this process can be 
written as, 




4 -£ 


ab 


8it 


2 2 


\ a 3 q a 3 q , * 


“ — Cq.,q.' , 1 s:) (3.14) 


where m and a t are the energies of pions and the tensor, 

4 . 4 . 

^ (q,q',k) = / dx e“" ik * x 2 <c j J v (o) | 7 i a ir b Z. > 

hV X 


< Z A b j J w (x) j o > 


(3.15) 


Consider again the integral, 

I v = / dx e“ ik * x < Z % a 7 t b 1 (x) | o > (3.16) 

As in the single pion production case, contracting the final 
state pion ic 3, a#d using BJD expansion together with PCAC 
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we obtain the following relation analogous to Bq. (3.7), 


Iu “ - 7 — — < X tz 0 (q')|A? Co) | o >( 2 n ) 4 6(P + q + q' - k) 

3 o " °° Y 2 ( 2 ic ) 5 f 
Q fixed 

= — izr— / dx G - i(k "^* x < X* b (q')|A* (x)jo > 

{2(2%)^ f % (3. 17) 

Nov/ reducing the second pion 71 ° also in Bq. (3.17) one obtains, 

1 - - — / as ay • 

B 2(2lt) 5 

U 4 ,X < X| 1A\ (y) Ay (x)|o > -6(x 0 -y 0 )<X|tA^(y),A® (x)] |o> 


(5.18) 


With the change of integration variables and use of the 

equal time commutator, ; 

6(x 0 ) [A*(x/2), A* (-x/2)] = i f bac V£ (°) 5 ( x ) + ••• ; 

! 

Eq. (3. 18) assumes the following form,’ ! 

b ■ 72 f 1 *bac < X I M\° > + 1 elQ ' -x j 

v * % j 

< X j Ta\ (x/2) A^ (-x/2) I 0 >] (2ir) 4 5(P + q + q’ - k) ; 

(3.19) ! 

i 

f 

t 

i 

[ 

{ 

! 

I 
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whe re , 

Q' = -?£- (k - q + q.'); P = k - q - q‘ 

and 

Q o = -2 (k 0 - % + = ~2 <*' - 4) 

So if the momenta q and q of the two pions are kept 
fixed one can again use the BJL expansion for the time 
ordered product in Eq. (19). Neglecting its contribution 
in the limit -*■ °° f we obtain the relation, 

< X Tc a (q) (q f ) | J v (o)jo > 


2(2ir) ;> f. 


1 f tao < x I K C»)|o > (5.20) 


% 


Using this relation for pions of different charges Eq.(3.15) 
assumes the following form, 

C ( ^'’ k) ■ jzfcr J 

' ' % 

< o| V v (°) V y ( x )l° > (3.21) 


The exponential, neglecting the finite energies of the 
pions, becomes exp {-ik 0 x Q - (q + q^.x} in the centre 
of mass frame. Therefore, again, as k Q -* °°, what is 
involved is the iso vector part Ry^ of the ratio R, 
defined by the following short distance operator product 
expansion. 
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vl W V? (o) s 4 3) ( 20 v6v - «„„□ ) _ 4 ,__ 2 ,2 


7C A - iex 0 )' 


+ operator terms 


.4,^2 

( 3 . 22 ) 


Using this in Eq. ( 3 . 2 1 ) we obtain from (3.14) 


a 2 c + - 


2 a 


a\dV < 2 *)** 4 k* 


r( 3) 

Kk-Q") 2 


- (i - cos e.j) + {Qq 2 - (q^ + q^)^>] 


' n2- 


where 

Q" = ■f’ (q + q 1 ) ; q^ = |i| cos 0; q^ = |q*| cos 

0 and 0* are the angles which pion momenta make with the 
beam axis. 0^ represents the angle between the two out- 

O 

going pions. In the limit k' -* 00 all the angular dependence 
disappears and after some rearrangements we finally get, 

lim okd’ k 2 — — — - R^ (3.23) 

k 2 «, d(q.k) d(q’.k) fj 

%,% fixed 

where to* = k 2 /q’.k. Above equation shows that high energy 
two pion events in the central region where pions possess 
finite energies can provide information on otherwise 

( z) 

unaccessible iso vector part Ry y 


of the ratio R, 
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For the emission of two equal charge pions since 
the structure constant in Eq. (3,20) vanishes we obtain 
the following prediction, 


lim w a)’ 

p 

Id oo 

q 0 ,q < ^ fixed 


d 2 g eq,ch. 
d(q.k) d(q’.k) 


0 (3.24) 


provided the contribution of the terms in BT1 expansion 
neglected in arriving at (3.20) is small. Therefore this 
relation can also serve the purpose of checking the validity 
of the BT1 theorem i.e. the finiteness of the matrix elements 
of the equal time commutators appearing in the expansion. 

This result is in fact, valid for any individual channel 
ahd if checked in experiments should point out the usefulness 
of the concepts used here. 


Now the constraints imposed on and Ry by the 
chiral invariance and the octet dominance of the electro- 
magnetic current can be used to obtain useful relations 
between the high energy limits of the various differential 
cross sections. The constants and Ry are related by 
chiral invariance at short distances which implies R^ = Ry, 
This gives us the following equality, 


a a- 


lim 


to k‘ 


k £ 


d(q.k) 


* (2ixf ) 2 lim » »' 


r+" 


% 


k* 


d(q,k) d(q’,k) 


Sq fixed 


r ,q* fixed 

1.1. T. t«K!R 

CENTRAL LIBRARY 

k 


Acc, No, 
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The extent to which the above relation is obeyed 
experimentally should show the goodness of the invariance 
at short distances. 

If the electromagnetic current J u is a pure octet 
operator one should have 3R = 4 Ry. But if it has compo- 
nents belonging to higher representations of SCJ(3) then 
3R > 4Ry. This implies, 

lim k 2 o( k 2 ) > -§- inf ) 4 lim to to’ k 2 

k 2 _ y ^ k 2 - - d(q.k) d(q f . 

%>% fixed 

(3.26) 

It should be possible to experimentally verify this inequality. 
3.4 DISCUSSION: 

All the results obtained above depend on the absence 
of q-number Schwinger terms from the various equal time 
commutators and the reliability of the BJL expansion. The 
operator Schwinger terns plague all the calculations of 
current algebra. The nature of all these terms, besides 
model, depends on the kind of interaction and the procedure 
ono adopts for the calculation of the equal time commutator. 

To settle the question of their nature, therefore, one must 

% 

turn towards the experiments. Unfortunately unambiguous 
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experimental numbers on semi-inclusive processes in e + e” 
annihilation are not yet available and consequently little 
is known about the matrix elements used in the above expression. 
This makes the estimation of their effect very difficult. In 
the ease of neutral axial vector current, however, the 
contribution of such terms is expected to be of the order 
of or. This is because the electromagnetic interactions 
modify the axial vector vertex by terms of the order of a. 

O 

Yfe may, therefore, hope that at least to the order a which 
is of interest to us their contribution will be small and 
hence may be neglected. The reliability of the EEL expansion 
can be tested using relations (3.13) and (3.24) which imply 
that these cross-sections should approach to zero* at least 

p p 

as fast as i/Q£ in the high energy limit k^ - ra . The use 
of PCAC at high energy is of course questionable. However, 
since the quantities q.k and q'.k enter only as the ratios 

p p 

q.k/k and q'.k/k the accuracy of using PCAC here will be 
of the same order as that at low energies. 

Ihus, so far as the BJL theorem proves to be a 
reliable tool and the contribution of Schwinger terms is 
small equations (3.11) and (3.23) reveal that pion production 
in the central region in the high energy inclusive c c” 
annihilation reaction can provide information on the 
c-number portion of the short distance expansion of the 
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products A y (x) A v (o) and (x) ( o ) . In particular, direct 

experimental determination of the iso vector part of the 
much discussed ratio R seems possible. The determination of 
these c-numbers should also help in probing the chiral 
invariance at short distances and SU(3) structure of 
electromagnetic current operator. Besides the knowledge 
of these c-numbers is important in itself for it would 
help in speculations concerning the structure of hadrons. 

The various relationships, we have obtained in this 
chapter could be put to test once the detailed results 
from the e + e~ colliding beam experiments on semi inclusive 
production become available. 



CHAPTER IV 


LIGHT CONE SINGULARITIES IN THE HIGH ENERGY 
BACKWARD SCATTERING 

In recent years high energy scattering at large 
angles has received much less attention compared to 
diffractive processes. Earlier attempts in this direction 
were mainly based on the Wu. and Yang's suggestion-^ that 
such a scattering should be proportional to the structure 
functions of the interacting hadrons. Available experi- 
mental data does not support this expectation. Perturba- 
tive approach was also used to study asymptotic behavior 
at large angles of different types of 'ladder graphs in 
various field theoretical models- 5 ^. These diagrams were 
found to possess different asymptotic behaviours. Nevertheless, 
they exhibit a common feature. The scattering amplitude in 
all of them assumes a foxm consisting of a function which 
depends only on the ratio t/s of the two kinematical vari- 
ables times a certain power of s. This indicates that the 
cross section itself may not be a function only of the ; 

ratio t/s but a quantity like s n d°/dt might show scaling. j 

Present experiments seem to agree with this result. j 

v I 

r 

f 
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G-union, Brodsky and Blankenbecler^ recently obtained 
such a behavior of hadronic processes in a simple version 
of the parton model which envisages a hadron as a bound 
state of a point like parton and a core representing the 
combined effect of remaining constituents. In this picture 
hadrons interact via a parton interchange during high 
energy collisions involving large momentum transfers. 

Elastic scattering processes with suitable normalisation 
then become functions only of centre of mass scattering 
angle which fixes the ratio of the two large kinematic 
variables. 

Such a behavior of strongly interacting processes 
very much resembles to the scaling behavior of the deep 
inelastic electron proton scattering which has been success- 
fully described by various theoretical disciplines. In 

1 1 

particular, the configuration-space analysis of the process 
shows that the space- time separation of the two electro- 
magnetic currents approaches the light cone region in the 
scaling limit and therefore the singularities of their 
product on the light cone play a dominating role. This 
observation enables one to separate out the photon energy 
, dependence of the inelastic structure functions of the 
proton leaving the rest to scale. 
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These considerations naturally lead to the question 
whether light cone singularities have some role to play 
in the region of high energy and large momentum transfer. 

It is generally understood that the singularities 
near the light cone give dominant contribution to processes 
involving a high mass current. The large mass and the 
large energy of the current with a fixed ratio between them 
lead to the light cone region. But then it is only one way 
to reach this region of the coordinate-space. There may 
exist other kinematical regions which also receive dominant 
contribution from the light cone region. It is this possi- 
bility which we have tried to explore in this chapter for 
exclusive processes^. In this context the following 

VI 

conjecture arrived at by J. Pestieau^ 1 by careful considera- 
tion of 1SZ reduction technique is significant. At high 
energy strongly interacting processes are not effected by the 
behavior of the product of the sources inside the light cone 
instead appear to be dominated by the singularities on the 
light cone even when external masses are small. This result 
is suggested by the assumption of the localisation in space 
of the physical systems which is usually made in the quantum 
field theory. 

We begin, in the next section, with some kinematical 
considerations for the pion nucleon elastic scattering 
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process. In Section 3, the kinematioal region of large 
energy and momentum transfer is shown to receive the 
dominant contribution from the light cone region. We use 
the light cone expansion of the operator products to 
obtain the asymptotic behavior of the two amplitudes. We 
conclude with the discussion in the last section. 

4.2 KINEMATICS: 

Let us consider the elastic scattering of an iso- 
scalar pion off the proton, 

-n(q) + P(p) - + P(p') (4*1) 

The S-matrix element for this process can be written as, 

Sfi = S fi - i(2it)^ 6(p' + q. f - P - l) (4* 2a) 

with 

=/ — u(p') M(s,t) u(p) (4.2b) 

J \< EE ’ 

Here w and tu , are the initial and final meson energies 
and E and E' the initial and final proton energies. M is 
the mass of the proton and the Mandelstam variables s and t 
are defined as follows 

S = (p + q .) 2 ; t = (q. - q ! ) 2 

The matrix M possesses the following standard decomposition. 
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M(s, t) = - A(s, t) + y»Q B(s, t) (4.2c) 

where y represents the Dirac matrix and Q=“ 2 (q. + q. , )• 
Using the L3Z reduction technique , we can express the I- 
matrix element as, 


T 


fi 


- 1 - ~ — / 3x e lQ,x 0(-x ) 

<P' 1 [J % (-x/2 ) , J TC (x/2) ] |p> + ETC (4.5) 


Here is the pion source current defined as 
(0+ >* 2 ) 0( X ) = J % (x) 

'The abbreviation ETC in Eq. (4.3) denotes the equal time 
commutator Uj x) , 9 0(y)] term which is generally present 

To KJ f 

when the reduction formula is written in terms of sources 
and depends on the details of the dynamics. If canonical 
commutation relations are assumed between fields this 
teim vanishes for the pseudoscalar interaction whereas 
delta function singularity will arise when the source current 
also depends on the pion field. We, therefore, assume it 
contains utmost a delta function singularity. If the asso- 
ciated form factor vanishes sufficiently rapidly its contri- 
bution can be neglected in the asymptotic region of interest 
here. This is assumed to be the case. 



Physically, the above limit corresponds to the high 
energy and large momentum transfer scattering as is easily 

O 

seen by expressing Q and Q.p in terms of the Mandelstam 
variables s and t: 

Q 2 = -1- (2V 2 + 2q.q') = - t/4 

Q.p = -Jr (q.p + q'.p) B -jj* (2s + t) 

Therefore , 

Z = Q 2 /Q-P = t/(2-t) where t = - t/s 

Hence the above limit is the limit s -* -t -*■ 1=0 with t 
finite, t is a function of the scattering angle. In the 
centre of mass system at high energy where the masses of 
the particles can be neglected it is given by, 

t = sin 2 8 0 _ m _/2 (4.4) 

whereas in terms of the laboratory scattering angle 0^ 
it is, 

t = i _ M 2 / s sin 2 e-j/2 (4.5) 

Thus Z which fixes the ratio of the two large quantities 
is a function of the scattering angle. This should be contrasted 
with the scaling variable & for the deep inelastic electro- 
production process which measures the fraction of the proton 
momentum carried by parton. 
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In the centre of mass system of the proton and pion 
we have, 

Q = (Vs/2, o, o, (Vs/2) (1-2 sin 2 ( 0 c#m# /4))) 

The exponential factor in Eq. (4.3) then becomes, 

„±Q.z . iVs(x 0 -x 3 )/2 + Ilfs si“ 2 (8 c . mi /4)x 3 

Hence, the integral would receive major contribution from 
the coordinate space region satisfying, 

K " x 3l i 2 /a 

X o’ x 3 <6 VVs si:n2 (0 c . m .A) 

Thus, in contrast to the laboratory system, for finite centre 
of mass .scattering angle 0_ x •* o as s — «>. However, the 
comparison of equations (4.4) and (4.5) shows that the finite 
laboratory angles are mapped into the backward cone in the 
centre of mass system. Therefore, we can expect the singula- 
rities of the product of currents on the light cone to 
dominate the backward centre of mass scattering at high 
energy, while the short distance behavior governs the finite 
angle scattering. 

One can now use the idea of light cone expansion of 
the product of two local operators together with scale inva- 
riance to express the behavior of the commutator of the pion 
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source currents near the light cone. The standard decompo- 
sition Eq. (4.2c) of the amplitude suggests such an expan- 
sion satisfying Lorentz invariance and the conservation of 
scale dimension can he written as follows: 

0 (d,-2d)/2 

[J % (x/2), J % (-x/2) 1 = (A (x 2 )) 1 O^x/2, -x/2) 

„ o (l+d 9 -2d)/2 

+ Y v ( A (x 2 ) ) 2 0 2 (x/2,-x/2) 

(4.6) 

where the dominant hilocal operators 0^ and 0 2 correspond to 
the amplitudes A and B and possess finite matrix elements 
on the light cone x 2 = 0. d, d^ and d 2 are the scale dimen- 
sions of the source operator and the hilocal operators 
0,j and C> 2 respectively. The c-numher generalised function 
a(x 2 ), which contains all the singularities of the commu- 
tator on the light cone, is given hy, 

(A (x 2 )) a = f (-X 2 + i&x 0 ) - (-x 2 - i£x 0 ) a ] 

Substituting (4.6) in (4.3) we get, 

T„. 

xx 

0 (d >-2d)/2 « o 

{ -(A (x 2 ) ) 1 A(x , x.A t x.P, t) 

? (1+d -2d)/2 2 , . 

+ (A(x 2 )) 2 Y*Q B(x ,X.A,X.P,t)} u(p) 

(4.7) 



4<0qttq» -EE* 


u(p*) / dx e lQ ' x 0(— x ) 
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The matrices A(x 2 , x.a, x.P,t) and B(x 2 , x.a, x.P, t) are 
defined as follows: 


< p’iO-jU/Z, -x/2)|p > 



u(p 1 ) A(x ,x. A 


,x.P,t)u(p) 


(4.8) 

< p’h 11 0 2 (x/ 2, -x/2)|p > = Y £~u(p*)Y y B(x 2 ,x.A,x.P,t)u(p) 
d EE' 

(4.9) 


where P = (p+p') and A = p’-p = q-q* . 

Prom equations (4.2h) and (4.^) we obtain, 
i0 v 9 (d,_2d)/2 - 

A(s,t) = / dx e iy * e(-x Q ) (A(x^)) 1 A( o,x.A,x.P,t) 

(4. 10a) 


and 

, n v 9 (l+d 9 -2d)/2 

B(s,t) = / dx e lt,! * x 9 ( -x Q ) (A(x^)) d B( 0 ,x.A,x.P,t) 

(4. 10b) 


Now to carry out the x-integration we define the double Fourier 
transform g^(a, p, t) of A with respect to the variables x.A 
and x.P 

A(x. A, x.P, t) = / / da dp g^(a, p, t) + P X .P) 

(4.11) 

The variables a and p will, in general, have infinite range 
and therefore Eq. (4.11) may not exist. Its validity essen- 
tially requires the existence of Deser-G-ilbert-Sudarshan 
type representation for non- forward elastic scattering 
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amplitudes. Such a representation was first written by 

7Q 

Nakanishi^ . Using spectral conditions the function g.j(a,p,t) 
has been found to have finite support in the region j pj _< 1 . 

We further hope that only finite values of a contribute to 
Eq. (4.11). Making use of the identity, 

/ dx e 1?,x e(-x Q ) (A(x 2 )) a = c(a) h(? 2 , ? Q ) (4.12) 

with c(a) = 7 c 2a+ ^ r(a+i) r(a+ 2 ) , 


h(? 2 , z 0 ) = exp (-iTre(C o ) [(A( C 2 ))“ a "' 2 + (A (-€ 2 ) )" a ~ 2 ] 

Equations (4.10) become, 

A(s,t) = c(d 1 - 2 d)/ 2 ) IS da dp g^a, p, t) h^? 2 , S Q ) 

( 4 . 13a) 

B(s,t) = c( 1 +d 2 - 2 d)/ 2 ) If da dp g 2 (a, p, t) h 2 ( S 2 , l Q ) 

( 4. 1 3h) 

where , 

5 2 = (Q + aA + p F ) 2 = s 5( a, p, t ) 


^ = (Q + aA + pP) Q * Vs 5 * ( p) 


for large s and t. Finally with the assumption that asympto- 
tic behavior of the amplitude is determined solely by the 
dominant singularity on the light cone, we obtain. 


-(d.- 2 d )/2 -2 

A(s,t) « s ‘ f^(t/s) 


-( 1 +d ? - 2 d )/2 -2 , n 

s 2 f 2 (Vs) 


(4. 14a) 


and B(s,t) 


(4.l4h) 
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with, 

^(t/s) = If da dp g ± (a, j3, t) h ± (6, S'/fs) 

Such a behavior of the amplitude should be compared with 
its Regge behavior s a ^ p(t) at small momentum transfers. 

If there exists a function which connects the two regions 
there should be a relation between the trajectory function 
and the dimensions of the operators - the nature of which 
is not clear at present, 

4.4 DISCUSSION: 

Now we can determine the high energy and large 
momentum transfer limit of the differential cross-section 
of the reaction (4.1). The standard procedure gives, 

|£ * 1_ [ TS jAj 2 + s 2 (1-t)|B| 2 -s M(2-t)(AB* + M*)3 (4.15) 

16-rc s d 

using (4.14) we obtain, 

- s 2d - 5 - d ’ f(t) for d^ = d 2 = d f 

= s 2 d “ 5 -di f'(r) for d^ < d 2 

“ s 2d ~ 5 " d 2 f" (t) for d 2 < d 1 

This is as far as light cone ideas can lead us. In 

this approach the scale dimensions d.j, dg and d remain unspec- 
cified. Ihey can, in general, be different from the physical 
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dimensions and may even depend on the interaction parameter. 

To supply this missing information wo turn towards experiments. 

Chikashiga and Inagaki-^ have studied high energy 
photoproduction of pseudoscalar meson using essentially the 
same technique as ours. Using the forward differential 
cross section data they obtain the value d = 2 for the scale 
dimension of the pion source current. We take this value 
for d. In Fig. 4 , we have plotted the available experimental 
data^ 0 for it“p cross section in the near backward direction 
against the energy variable s. The slope of the straight 
line obtained shows that the differential cross section 
dcr/dt falls as s“^ . Combining this experimental information 
with the value d = 2 we get, 

d 1 = d 2 = 2 

Thus, twist two bilocal operators seem to dominate the 
singularity structure of the commutator of the two pion 
source currents near the light cone. It should be recalled 
here that the light cone behavior of the electromagnetic 
current commutators is also dominated by the twist two 
operators. 

If the pion source current dimension is assumed to 
be d = 3 following quark model, then d^ (= dg) = 4; the 
field operator that contributes in the operator product 
expansion has at least a dimension of 4. 
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How it has been observed that at e .= 90° the 

C « lit « 

p 

differential cross section for tu~p falls as s“ . This rapid 
decrease has been comprehended on the basis of a single 
parton interchange between the interacting hadrons. In 
such a model, the differential cross section becomes pro- 
portional to the square of the form factors of the hadrons. 
This implies its sharp fall with energy as these form factors 
usually decrease in momentum transfer like a dipole. The 
backward rc-p elastic scattering in the centre of mass system 
which shows a s~ 3 decrease is difficult to understand on 
such a basis. On the other hand it indicates the dominant 
role of the singularities on the light cone of the product 
of the pion sources. The precise relation between this 
parton model presumably applicable for finite c.m. angles 
and the light cone approach used here for the backward cone 
requires to be established. 

Figure 5 is an attempt to obtain the scaling function 
f ( t) which depends on the details of the dynamics. The plot 

for s 3 versus cos 0 m for the four energies does indeed 
dt c.m* 

have a tendency ^ 0 fn.se together for nearly backward angles 
and Is in accordance with our expectation. However* the 
data is not yet capable of giving unambiguously the scaling 
function. Indeedj outside the backward cone, the curves 
for various energies are not quite overlapping but our hope 
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is that with increase in energy tendency for merger should 
show up in this region also. 

In conclusion, the backward region in the % p elastic 
scattering appears to receive dominant contribution from 
the light cone region of the coordinate space. There is, 
however, a need to obtain a more accurate data at large 
angles for fairly large high energy range so that the energy 
dependence may be found with certainty. This should also 
establish clearly the region where light cone effects become 

important. 



CHAPTER V 


INCLUSIVE HADRONIC REACTIONS 'HD LI CHE CONE 

The study of single particle inclusive spectrum 
in high energy two particle collision processes has been 
the subject of considerable theoretical and experimental 
interest. Such a study was stimulated mainly by the 
two well known scaling laws. One is the scaling behavior 
of the deep inelastic lepton-hadron scattering suggested 
by Bjorken^ 1 . The second one Is the limiting behavior 
at high energies of the single particle distributions 
in hadronic inclusive reactions conjectured by Feynman 
and Benecke et.al.^ 2 These laws have been disoussed 
in a number of models, namely, dual resonance model, 

parton model, light cone algebra model etc. Of late it 
was shown within the framework of the dual resonance 
model^ 5 that both these laws possess the same physical 
or igin - the Begge behavior in various channels together 
Yjith a Regge pole of intercept unity. Now the Bjorken 
scaling of the inelastic structure functionsof proton 
has also been studied from the point of view of coordinate 
space 11 . It turns out that the observed soaling Is due 
to the dominance of the leading light cone singularity 
of the product of two electromagnetic currents. Therefore 
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It seems reasonable to inquire about the relevance, if 
any, of the light cone singularities in the Feynman scaling 
region of inclusive reactions where the single particle 
distribution possesses simple forms. 

Such a relevance has been shown for the electro- 
production process where one of the produced hadrons is 
also observed. A generalised Feynman scaling, where the 
distribution function at high energies depends on both 
the usual Feynman variable x™ and the Bjorken scaling 
variable, has been obtained^, Sinoe in this reaction 
the scaling sets in at unexpectedly low values of the 
virtual photon mass one may expect prominent role of 
the light cone region in hadronieally induced reactions.. 

In this chapter we show that light cone singulari- 
ties could play an important role in the fragmentation 
and pionization regions. The standard forms of the dis- 
tribution function are obtained if wo may expeot the 
matrix elements of multilocal operator to avoid a certain 
singular behavior. 

5.2 THE REACTION % + N - % + ANYTHING: 

Let us consider, to be specific, the following 
inelastic process, 

%(q) + N(p) -* 7c(q’) + X (anything) ( 5 . 1 ) 
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Koro N stands for a nucleon and the iso spin labels are 
not displayed, since they are not of any relevance for 
the dynamics here. The differential cross section for 
such a process can be expressed in the following form, 


d<J 

aV 


. ladfo j dx e i4.x s 

4E “ w ,V I 

Q. 1 


< plJ ll (x)|7t x >< tcx| j w (o^ | p 

(5.2) 


> 


where is pion source current operator and an average 

over the polarisation of the initial nucleon is implied, 
to and a* t are the initial and final meson energies and 

Si Si 

E the energy of target' nucleon. M is the nucleon mass 
and V the relative velocity of the two colliding particles. 


Using Lehman - Symanzik -Zimmerman reduction tech- 
nique for the pion in the first matrix element in Eq.(5\2) 
and then making change of integration variables, the 
integral I in Eq. (5.2) becomes, 


I = — 1 / dz e iQ.z s ( 2lt )4 < p |BJ (Z/2) J (-Z/2)|X > 

< 71X11^(0) I p > 5(p x -i- q 1 - p - q) 


= ± — / d z dx e iQ,z e - icl * x S < p| EJ^Cz/2) J^C-z/2) j X > 

f(2m) 5 X 

< icX|J w (x)|p > 

where Q = -A* (q + q’)„ Again reducing in the pion from 
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second matrix element we get, 

I = f dz e iQ * z f dx dy e- i( l- x ~ 

(2,) 5 

E < pjRJ^Cz/2) J w (-z/2)| X ><X|RJ ir (x)J 7t (y)|p > 
X 

Equation (5.2) now assumes the following form 


f dz e i( ^* z f(z;p,q,q’) (5.3) 

d^q' 4E V 

The function f(z; p,q,q ! ) containing the interesting 
dynamics is given by, 


f(z; p, iji') 



/ dx dy e icl 


.y_iq.x 


< p|R(J 1l (z/2)J 7C (z/2))R(J 1E (x)J 7E (y))|p > 

(5.4) 


and 

R(J 7 t (x)J 7 t (y)) = e(x 0 -y 0 ) tJ w (x), J w (y) 3 


denotes the retarded commutator. The terms which appear 
when reduction formula is written in terms of sources 
have been omitted for the reasons given in the last 
chapter. 

low let us examine the behavior of Sq. (5.3) in 
the limit Q 2 - « and Q.p - 00 with a fixed ratio < between 
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thorn* It is convenient to work in the rest frome of the 
target nucleon (p = Iff) where 

Q 2 /Q.p = Q 2 /Q 0 m = k 

and therefore, 

. — . 99 l/2 

I sl = % [1 - Q /Sq ] 

“ Q 0 -Mk/2 

Choosing the z^-axis along the Q- vector the exponential 
in Eq. (5*3) becomes, 

iQ. z iQ 0 (z 0 - Z 3 )+i(Sfc/ 2) Z3 

Q as 0 

Using the arguments given in the Section 4 . 3 wc see that 
the integral in Eq, (5.3) receives dominant contribution 
from the region of coo rdinat e-spa oe satisfying z * 0 . 

Thus, the above limit is governed by the singularity struc- 
ture of the function f(z; p,q,q’) near the light cone. 

Equation (5.4-) shows that the structure fof 
f(zj P» q.» q’) near z 2 = 0 is governed by that of the 
following operator product 

R(J 7 E (z/2)J 7t (-z/2)) R (J w (x)J w (y)) (5.5) 

Here the two current operators whose space time separation 
approaches light cone are in the same R-product in con- 
trast to virtual photon inclusive reactions, therefore no 
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additional assumption^ is needed to conclude that the 
function f(z| p, q, q f ) has the same singularity struc- 
ture as the product of the two pion sources. Bow J.Ellis^ 
has suggested an extension of the light cone expansion 
of two operator product to that of the multiple operator 
product to discuss the scaling behavior of inclusive 
electromagnetic processes. Following him we write, 


R( J w ( z/ 2 ) ( -z/ 2 ) ) R( ( x ) ( y ) ) 


% e(z )(a ( z 2 )) d s z 1 .. 
z -o - n 


n 0^ (x,y,o) 


«n 
(5.6) 


where 0 , (x,y,o) are multilooal operators and again 

a 1 * * * ®n ? 

usual c-number function a(z^) contains all the singulari- 
ties on the light cone z 2 = o. The strength d of the 
singularity depends on the scale dimensions of and 
the multilocal operators. However, as seen in the last 
chapter, the information about d may also be obtained 
from the high energy backward elastic scattering of pion 
off the proton. The experiments 1 data indicates the 
value -1 for d, whereas the free quark model gives d = -2. 


Substituting Eq,(5.6) into Bq, (5.4) we get, 




e(z p )U(z 2 )) d 
( 2 tc ) 5 

e(z n )U(z 2 )) d 
( 2 %) 3 


/ dx dy e lq * x gU,x,y;p) 

f (z.p, z.q.z.q'; 3,-t^tg) 

( 5.7) 
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Ibis relation displays explicitly the singularity in z 2 . 

Ihe function g(z, x,y;p) defined as, 
a l “n fn'i 

< PI-2 z ...z CP ; (x,y,o)|p > = g(z,x,y; p) +. . . 

n a i* * * “n 

O 

is independent of z^ hut otherwise depends on all possible 
scalars which can be obtained from x, y,z and p. The 
omitted terms contribute to lower order light cone singu- 
larity, s, t^ and t 2 are the Mandelstam variables defined by, 

s = (p + q.) 2 
■t 1 = (p - q. 1 ) 2 

t 2 = (q~ q ') 2 

Prom Eqs. (5.7) and (5.3) we obtain, 


do 

“n * ^ 

q d^q* 


M 


4-Ew V 

SL 


/ dz e lQ,z 9(z q )(a (z 2 )) d 

f(z.p,z.q,z.q‘ ; s,t^,t 2 ) ( 5 . 8 ) 


lo carry out the z-integration we define Pourier trans- 

m 

form g(a, p, p’; s,t^, t 2 ) of f with respect to the 
variables z.p, z.q and z,q l : 

c'. 

** . 
f ( z,p , z.q, z.q 1 ; s, t^, tg) = 

= / da dp dp 1 e l(Qp+p<1+p,q ^* z g(a,p,p l ; Sjt^tg) ( 5 . 9 ) 

Ihe limits on a, p and p* are formal, Ihe actual support of 
g is determined by' the mass spectrum which wo hope is finite. 
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Substituting (5.9) in (5.8) and using Eq. (4.12) 


CO 


flq 


7 = 4IUT- / 4MP' staffs'; B,t v 


we obtain, 

t 2 )h(K 2 ,I 0 ) 

(5. 10) 


where, K = (Q + ccp + pq + £' q' ) and 

h(K 2 ,K 0 ) = t( 4 (K 2 ))- d - 2 + (iCE 2 ))- 4 - 2 ] exp (_i*e(K 0 )) 


5.2.1 Fragmentation Region: 

p 

Now let us examine the limit Q -*• °°, Q.p -*■ 00 with 

p 

the ratio Q /Q.p fixed. For this purpose we express both 
the invariants in terms of s, t^ and tgj 

Q 2 = -J- (2y 2 + 2q.q‘) « - t g /4 

and 

Q.p = “2“ (q.p + q’.p) « (s - t^) 

Therefore , 

Q 2 4p 2 /s - t 2 /s _ -t p /s 

(1-t^a) 1-t^s 

Thus the above limit corresponds to the region of high s 
with t-| or tg as its finite fraction which is the fragmenta- 
tion region. For definiteness we Tseep t^ finite and allow 

s and tg to go to infinity with - tg/s = ic 1 fixed, k 

n 47 

coincides with in this ease and we get, in general 
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> * » 
> K 


= (Q + op + Pcl + PV) 2 « s E -J + "2* + PP‘ K ’ + a P + 

« s 6(a, p, p' ; k’) (5. 11) 

K q = (Q + ap + pq + P'q’) 0 “ V s 6 '( a > P» P‘) + 0 <V™ 

in the centre of mss system. Now the function g( a, P, P » 
Sjt-j, t 2 ) in Eq. (5.10), which is related to the matrix 
element of the multilocal operator, depends on the details 
of strong interaction dynamics and is therefore impossible 
to calculate. In such a situation we assume it has the 
following Regge-like behavior: 


s 


lim g(a, p, p‘; s, t 2 , t^ - S n g 1 (a,p,p’; *’ » V 

(5.12) 


+ oo 

X 2 


Using (5.11) and (5.12) we obtain. 


_ d+5"n~ f da dp dp ' h( ' 5 ’ ^(atPjP’? K, » t 1 ) 

d 5 q’ s d+ ~ 


U , _i2_ 


1 flic', t.) 

d+3-n V ’ 1 

a 


(5.13) 


where we have assumed the convergence of the integral ^ 
in S 4 . (5.13), which in turn precludes any singularities 
of gl on the real axis of a, f! and p' . Equation (5.13) 
Eesemhles ve W much the Peyroan-s sealing result for the 
single particle distribution. So see it noro explicitly 


wg notice, 
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p 

s = 4 p 

^c.m* 

t 2 = 2“ 2 - fs(g^ + 4^) (5.14) 

t-t = * 2 + v 2 - Vs (q.^ - n^) 

in the centre of mass frame, low for fragment pions moving 
with high 'longitudinal momentum q’^ we can rewrite these 
in terms of the Feynman variable x^, = 2q^/fs. For 
Xp > o, (q^ has same sign as p) 

h = » 2 + “ 2 C-xj); «1 = v 2 + 

t 2 = - SI r 

Thus 

1C* = -tg/B = Xjv 
For Xp < o , 

V T 2 

*2 = + v (2 +X F) 

t 1 = 3S f ; ty's = x p 

This corresponds to the case of fixed tg and large s, t^ 
which is the projectile fragmentation region. 

Thus, in the fragmentation region, ** coincides 
with the Feynman variable as it should. In this region 
Mueller's Begge hypothesis gives, 

“ q ' aV “ £ 2 (Xi ’ t ’ |) 
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Comparison with Eq, (5.13) shows a relation "between the 
strength of the singularity d and the Regge trajectory 
function a(t). An analogous result, in the case of exclu- 
sive process was obtained by M. Eishari^ and favours 
nonucanonical dimensions. With pomeron dominance, for 
Eeynman kind of scaling n must have the value given by, 

n = d + 3 

= 1 for d = -2 

= 2 d = -1 

5.2.2 E ionization Region: 

The pionization region is defined by the limit 
s, -t^, -t^ - «> such that the ratio t^t 2 /s remains fixed. 
This region is characterised by slow moving pions i.e. 
q‘ is finite. We express t^ and t 2 in terms of commonly 
used variables s, and the rapidity y: 

t 1 « - Vs - q.^) - - fs v T e~ y 

t 2 « - Vs (q^ + q^) « - fs e y 

The rapidity y of the final pion is defined as, 

y = 4r log — * -jr log (^ 2 / t -j) 

~ *11 

and fe| = q* T 2 -+ ^ 2 . Now in this region 



83 


Q, 


_ _L 
2 




%) 


% 

2 


l Qi ■ 


^O 

”2 


+ *k 

• o 


Therefore writing the exponential in Eq, (5.3) as 

exp i E -jr ( Q 0 + i Q| ) ( z Q - z~) + " 2 “ ( Q 0 - 1 9l ^ z o + z 3^ 


it is easily seen that only the region j z Q « z^| < , 

+ i.e. z 2 = o contributes to the integral 


2 o 
as 




11 


In this case K 2 and K q in Eq. (5.10) become, 

K 2 « s(-f + ap) + Tfs (-J- + + pp*) ^ e y 

+ fs (-&- + ap') e“ y 


K 0 e fs ( “j; + ) 

Hence the function h(K 2 , K Q ) becomes independent of the 
rapidity y in the limit s Consequently a flat rapidity 

distribution in the central region is ensured if we assume 
that all the essential details are contained in the singu- 
larity structure. With a Regge like behavior for 
g(a, p, p* ; s, t 1t t g ) in this Kinomatical region as well, 

similar to Eq. (5.12). 

lim g(a,p,p*; s jt-j > tg) = s n g 2 (a,p,p , j y) 

Sy-t^-tg - 00 

with 

t^g/s = V I fixed 
log t 2 /t 1 = y fixed 
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we then have, analogous to Eq. (5.13), 

V ^7 " ' a d+ 3 -n ^ da d P' 11 &'//s) g 2 ’(a ,p,p f ; v|, y) 

where .6 and 6* are functions of only a , p and p', The 
y dependence of the inclusive spectrum arises, if at all, 
from the behavior of g g and not of the singularity function. 

We then have, 

V ^7 = 773=h p < "I. y) 

and will conform to the known behavior of single particle 
distribution, in the central region if as in fragmentation 

region n = d + 3 and the rapidity dependence of the 
g-function is weak. We may then write, 


v 


da 

aV 


- p(»|) 


which is the standard form with a central plateau in the 
rapidity variable. 

5, 3 CONCLUSION: 


We conclude this chapter with few comments. The 
above analysis shows the relevance of the light com 
singularities to the limiting fragmentation and the 
central regions of hadronic inclusive reactions, Ihe 
simple bahvior of single particle distribution in these 
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regions seems attributable to the t/s scaling in the frame- 
work of light cone analysis. This correspondence is our 
main result. It should be compared with an analogous rela- 
tion of large transverse momentum qj scaling in inclusive 
reactions to t/s and u/s scaling established in the quark 

pjO f 

a nd parton models . So it appears that in both low q^ 
and large qj^ inclusive reactions small distance behavior 
of strong interactions is involved. The y-independence 
of the function h(K^, K q ) in the limit s -* a non trivial 
result, ensures the flat pion spectrum in the rapidity 
variable. The constraint of beeping particle on the mass- 
shell leads to nonforward directions complicating the con- 
figuration space analysis with dynamical details not encoun- 
tered in its application to electromagnetic processes. 

This necessitates incorporation of some dynamical assump- 
tions. These require matrix elements of multilocal operators 
to possess Regge-like behaviors. At present their justifi- 
cation is not possible but they certainly reveal the kind 
of obstacles to be overcome before small distance expansion 

•M ' ' i 

of operator products, as suggested by Wilson 1 , can describe 

, , * < t , 

the hadronic interactions. An alternative derivation of 
scaling behavior shown by single particle distribution is 
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not claimed here. The important thing is the connection 
of light cone region of coordinate space to Feynman's 
scaling. In this context the above analysis appears use- 
ful as it suggests the possibility of the same origin 
for Bjorken scaling and Feynman scaling. If true, this 
may provide a unified basis for describing electromagnetic 
and hadronic inclusive reactions. 



CHAPTER VI 


CONCLUDING REMARKS 

The preceeding chapters deal with the processes 
involving one or more pions. The analyses of these reactions 
involve two currents - the source current and the iso vector 
axial vector current associated with the pion. The efforts 
have been devoted to connect the short distance parameters 
occurring in the operator products involving these currents, 
to experimentally observable quantities. Thus (i) the vector 
anomaly of the axial vector- vector- vector vertex function, 

(ii) the constants R A and Ry occurring in the operator 
product expansion of A y (x) A v (o) and V y (x) V u (o) and (iii) the 
scale dimensions of the operators appearing in the light cone 
expansion of the product J^Cx) J TC (o), have been related to the 
various differential cross-sections. All these parameters 
characterize short distance structure- of a given theory and 
have a bearing on the hadronic structure. The presence of 
the vector anamoly substantially affects the production of 
neutral pion in the two ( virtual) photon mechanism in the 
e + e“ collisions. Since there is a kinematical enhancement 
of such a production mechanism, as pointed out by Broadsky, 
it is likely that the experimental results will soon be in 
a position to test whether such terms are required-. 
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Whereas, "bhe axial vector and vector current are 
as usual studied using electromagnetic probes, it is interest- 
ing to speculate on the use of the properties of the currents 
in purely hadronic interactions. The last two chapters are 
devoted to the use of the parameters associated with the pion 
source currents in the % H interactions. Our results • 
for differential cross-section take the form of a definite 
power of s times a scale invariant function of remaining 
invariants. The limitations of our analyses and other possi- 
bilities have also been discussed. The connection of 
Feynman scaling of single particle inclusive distribution 
to the light cone singularities shown in last chapter is 
rather speculative at the level of present study. However, 
the studies in dual resonance model suggesting the same 
origins for Bjorken scaling and Feynman scaling increase 
our faith in the result. But a great deal of work will 
have yet to be done before such a relationship can be 
firmly established. 
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APPE1CDIX A 

Our metric is (1, -1 , -1, -i). The co variant spin- 
one parts :of the vector and the axial vector propagators 
arc given by, 

= / a» 2 - f V ) ■ (g» v - k,,^ / v 2 ) (a. i) 

O (k 2 _ u ) 

co p 

afCk) = / an 2 -I — -- ' g - ( g w - k k / „ 2 ) (a. 2) 

o (k^ - /) y v 

O n 

where the spectral functions Py(,n ) and p^Cv ) are 
defined as, 

< o|Y y (x)^(o)|o > = 6 ab (2it)“ 3 / dp e(p Q ) c lp * X P v (p 2 ) 

(g yv - p w p v /p 2 ) 

< o|A y (x)A^(o)|o > = 6 ab (2it)“ 3 / dp 9(p 0 ) o 15 ** 

£ p A (p 2 )(g’ ,v -p p p v /p 2 )-^ pVJ 

A yv (k) is the usual massive vector meson propagator: and 

w,4> 

A_(k) = — ^ 

(* 2 -m 2 ) 

The constants appearing in Eg., (2.12) are defined as. 


\ 
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Tho constants appearing in Bq. (2*12) aro defined as, 
(2*) 3/2 < o|V» |p*(k) > 

= - g p 6 ab (g^ - ) 

(2 X) 3 / 2 f^ 0 < o|A» | A% (k) > 

= - g Al 5 ak 

and 

(2it) 3/2 f2\ < o|A u a \% h (k) > 
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APPENDIX B 


We sketch here the derivation of equations (2. 2*9) -(2. 33) 
of chapter two. The coupling of a pseudo scalar meson to 
two vector particles is defined as, 


IvX. '“W = f WP ®vl aP 


(B.1) 


with k and k 1 as vector particles momenta. We invert 
equations (2. 10)-(2. 11) *0 write, 

_L f 3in 9B ,8 If) 

/.v = *- — “ i V 11 t ™ 


CO 


J__ , 00 s 9 B -8 
a, V v 


l B 


S1 * 9 Y -oj 
V 

f B 


(B.2) 


where 


'u> 


ml cos (e Y - e B ) > a 0 = m 0 003 Ce B - e Y ) 


Also 

a 1 v 3, (B.3) 

p u = % ^ 

and 

Using IiSZ reduction technique and equations (B.2) and (B.3) 
together with the charge conjugation invariance the amplitudes 

T for the decays P % v * “ ~ p1t * w ^ P 

vX 

and 0 - IVY can he written as follows: 
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T e-*Y 

vX 

= 

e(k 2 - m 2 ) 

" ^ f * S p 

H( 4 ,k)53® 



(B.4) 

CO -TTY 

vA 

= 

e(k 2 _ m 2 J 

sin 0n 

[ — r-S 
% 

M( q,k) 

338 

vA 

cos 0- 

+ 4 

"M (q,k)^°] 








(B.5) 



e(k 2 - m|) 

COS 0 *n 

[- . B 

M(q,k) 

338 

vA 

sin 0y 

M(q,k)530] 

vA 


f % a 0 

fy 


f B 









(B. 6) 

mW-^pTT 

vA 


(k 2 - m 2 ) (k 2 - m 2 ) 

sin 

e B 

! 

H(l,k)^ 58 + 


"St a u> 

g P 

f 

Y 





cos By 

+ — M(q : 
f B 





(B.7) 

^ Plr 

x vA 


c* 2 - 

(k 2 - m 2 ) 

COS 1 

8-n 

-^K(q,k) 

338 

vA 


f x a 0 

g P 


*Y 





sin e Y 

+ r - i M(q. ; 

f B 

.«rx°> 




(B. 8) 


Tbe 

explicit momentum dependence 

of 

the function 

M(q,k) 

ab8 

vA 

is given by 

equations 

(2.13) 

and (2.24). 



can be obtained by making the replacements (2.17) using tbis 
information in equations (B„4)-(B.8) a little algebraic effort 
leads to the results quoted in equations (2.2<f)-(2, 3$ . 
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APPENDIX C 


In this appendix we give the details of the 
derivation of Eq. (2.36). 

Consider the production of the state X(p„) in the 

si 

reaction eY -*• eX via one photon exchange process, see 
Pig. l(c). The S-matrix element for this is 


s fi - 


e in 


(27t)‘ l/2 V J E 1 E 2 f2K Q 


u (p 2 ) Y U u(p ^ ^ 14 


ya 


C a (k, X) i( 27 t ) 4 6(p 1 + k - p 2 - p x ) (C. 1 ) 


where S a (k, X) is the photon polarization vector, and M ya 
describes the y - y*- X vertex. Y* is the iri&tual photon. 

, which depends on k and k , satisfies k y = 0. 

Using this property and (C.l) the cross-section integrated 
over the final electron phase space can be written as. 


do 


ey-»eX 


d 3 p. 


2% 


lf 7lh C2P 1 p i + i k i z g,WK - i <8 )ar ’ 


E 2 k 1 


(C.2) 


dr* - (2 ir) 4 6(k + k 1 - p x ) dr ; k 1 = p 1 ~ p 2 


where 
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and dr is the invariant phase space for the state X. 

Now let us consider the production of X through two 
photon annihilation process ee -* ee X, see Pig. 1(b)* Tbe 


amplitude is. 


2 m 2 
e m„ 


(2n) 6 ^ 


it g 

(p 2 ) i y *Pi> TT 5> 


tq Tsr 


u(p') y u(p’) i(2Tt) 4 6(t + - Px') 


vhero, 


_ 2E’B2 (l- cos e ’) - 


ml (si - B ') 2 


E >2 


(0,3) 


(0.4) 


{ * t ^ t 

aas cos 0 = P^»Pp 

t , 4 -v.o y* v* _ x vertex. In the centre 

md M^ 0 describes the - y a 

>t mass frame (1, = *\ - ») *■ cross-section ear to written as, 

> r>. \2 _L / -J- [2 P » p^ + "g" 

a»ee - ee X = ^ E 2 J E 2 E 2 *, 4 11 


21C 2 B 


<C- ^ ^ ^ ®' 


(C.5) 


Now leading contribution to dc cc _ e c X oan 130 
ttained by period the photon polarisation sum in the 
bulomb gauge. Ihus we mafce the following substation 

,n (0*5) s 
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_O0 o- 0a J 0 JLa 

ryOOL S S 

* -* - ■ — ■» y — - - 

k 2 k 2 1=1,2 k 2 


The polarization directions i are orthogonal to k. Ignoring 
the longitudinal contribution Eq. (C,5) becomes, 


5~ ' j 3. 


ee -> ee X 


(2 x ) E 


-L r 11 2 . r 2 ^ v _l k 2 W v, 

*2 J *• * v+ 12P 1 P 1 + 2 6 J 


E 2 E 2 k 1 


i i j =1i2 M ii M vj 

(C.6) 

Averaging over the azimuthal angle 0’ of Pg Eq. (C.6) 


reduces to 


ee - ee X 


_L r d?p P , £ e2e 2 2 s1 ” 2 6 ' 1 

(2lt 2 ) 2 E 2 Ej k 4 2 k 2 


E ic^ 

2 K 1 


[2p^ + "p” S UV 1 


4- Z M* . M’f dT'> (C.7) 

8 1 * 1,2 V1 

How S Myi depends on e* through its dependence 

on k. So if we approximate this quantity by its value at 
=0, we can substitute the curly bracket in (C.7) by 
that in (C.2) and obtain, 
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da 


a 


/ 


d 5 Vo 


ee - ee X 2 it 2 E E 


_L r&- 

k 4 2 


E 2 E^ 2 


sin 1 


2 e' 1 


2k o da eY - eX 


Using (C.4) and integrating over cos 0 l this gives 


E dk 


da 


ee -* ee X 


/ IT dc ey - eX 

o 0 


where k = E - Bp* Srom this El. (2.36) is easily obtainable, 
o 
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